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Abstrat
In the ontext of the gauge-string orrespondene, we disuss the
spontaneous partial breaking of supersymmetry. Starting from the
orbifold of S5, supersymmetry breaking leads us to onsider the (re-
solved) onifold bakground and some of the gauge dynamis enoded
in that geometry. Using this gravity dual, we ompute the low energy
eetive superpotential for suh N = 1 theories. We are naturally led
to extend the Veneziano-Yankielowiz one: glueball elds appear.
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1 Introdution
Even if the most elebrated example of the gauge/string orrespondene is
theN = 4 AdS-CFT duality [1℄ (see [2℄ for a review), many interesting results
have been also found for less (super)-symmetri theories (see [3, 4℄ for some
extensive reviews).
For the ase of N = 1 super Yang-Mills theories in four dimensions (i.e.
4 real superharges) the relevant bakground geometry is a warped prod-
ut of four-dimensional Minkowski spae times the onifold, in presene of
bakground uxes. There are two known expliit supergravity solutions or-
responding to this ase, the MN solution [5℄ and the KS one [6℄. Both the
solutions preserve the same amount of supersymmetry but they orrespond
to two dierent dual gauge theories, at least in the ultraviolet. It seems also
that, despite desribing similar infrared dynamis, they orrespond to two
dierent universality lasses of onning theories. It is then important to
understand how duality works ase by ase.
In this talk we make ontat with a nie and fruitful way of looking at this
duality. Suh perspetive has been introdued in [7℄ for the topologial string.
There, it has been shown that in topologial string theory the deformed
onifold bakground, with N 3-brane wrapped on S3 (equivalent to the S3
Chern-Simon theory [8℄), is dual to the same topologial string but without
string modes and on a dierent bakground. The new bakground is the
resolved onifold, whose parameters depend now onN . Suh gauge/geometry
orrespondene has been suessfully embedded in superstring theory in [9℄.
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The entral idea is the onept of geometri transition. The eld theory
has to be engineered via D-branes wrapped over ertain yles of a non-
trivial Calabi-Yau geometry. The low energy dual arises from a geometri
transition of the Calabi-Yau, where the branes have disappeared and have
been replaed by uxes. The simplest example [9, 10℄ is pure N = 1 super
Yang-Mills theory. Before the transition the eld theory is engineered on N
D5 branes wrapped on the blown-up S2 of a resolved onifold. After the
transition we are instead left with N units of R-R ux through the S3 of a
deformed onifold [6℄.
Another way to make ontat with the N = 1 onifold theory is to start
from a more supersymmetri theory, namely a quiver N = 2 eld theory [11℄.
In that ase one starts from the orbifold bakground S
5/Z2, that is dual to
the N = 2 super-onformal Yang-Mills U(N) × U(N) theory with hyper-
multiplets transforming in (N, N¯) ⊕ (N¯ , N). From an N = 1 perspetive,
the hypermultiplets orrespond to hiral multiplets and other hiral multi-
plets in the adjoint representations of the two U(N)'s are present. There
is also a non-trivial superpotential for the multiplets in the bi-fundamental
representations of the gauge group. One an add now a relevant term to this
superpotential. To integrate out the adjoint multiplets in presene of this rel-
evant perturbation orresponds to blow up the orbifold singularity of S
5/Z2
[11℄. Remarkably, in [11℄ it has also been shown that suh blown-up spae is
topologially equivalent to the oset spae T 1,1, the base of the onifold.
We will desribe the ow to the onifold theory in a dierent way [12℄,
hoping to ontribute to larify some of its intriate aspets. We start from
the N = 2 superonformal Yang-Mills theory. When onformal invariane
is broken introduing frational branes, we nd how partial supersymme-
try breaking an be desribed on the supergravity side. Within this purely
ten dimensional superstring ontext, we see then how the resolved onifold
bakground emerges naturally as the proper one to engineer N = 1 super-
Yang-Mills theory, with no matter and just one gauge group. We follow all
the steps in terms of expliit supergravity solutions.
Having eventually at our disposal a proper gravitational dual desription
of pure N = 1 super-Yang-Mills theory, many results an be obtained for the
latter. Some of them are heks of previously known eld theoretial ompu-
tations. Others are new preditions. The interplay between gauge theory and
gravity has indeed a quite rih struture. Among many, we will desribe one
of the possible appliations. We will see how the dual gravitational desrip-
tion an be used to determine the low energy eetive superpotential of the
2
eld theory under onsideration, namely the Veneziano-Yankielowiz [13℄ su-
perpotential
1
. The same gravitational desription seems also to suggest that
other degrees of freedom, with the same quantum number of a glueball, are
relevant at low energy. We nally determine the form of the generalized
Veneziano-Yankielowiz superpotential, with the inlusion of suh glueball
states [16℄. Some physial impliations are disussed.
2 Partial supersymmetry breaking and a new
path to the onifold
We start from the simplest generalization of the original AdS/CFT orrespon-
dene, namely we will onsider the ase in whih the internal manifold is not
simply S
5
, but the orbifold S
5/Z2 [17℄. As disussed in the introdution,
the dual gauge theory is N = 2 super-onformal Yang-Mills U(N) × U(N)
theory with hypermultiplets transforming in (N, N¯) ⊕ (N¯, N). As for the
original N = 4 ase, on the string side we know the expliit supergravity
solution onneting the UV geometry (the relevant one for the engineering
of the gauge theory) and the IR one. If we parameterize the six dimensional
transverse spae, (i.e. the one over S
5/Z2), in terms of the oordinates
X4 = r sin ξ cos τ (1)
X5 = r sin ξ sin τ (2)




























the right presription for the orbifolding is 0 < β < 2π, 0 < ξ < π, 0 < θ < π
and 0 < τ < 2π. It is easy to see the Z2 ats just on the oordinates
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In presene of avors, also the Aek-Dine-Seiberg [14℄ superpotential an be derived
in an analogous way [15℄
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where the σi are dened as
2σ1 = − sin βdθ + cosβ sin θdφ, (8)
2σ2 = cosβdθ + sin β sin θdφ, (9)
2σ3 = dβ + cos θdφ (10)
and they satisfy dσi = εijkσj ∧ σk. The expliit expression for H(r) is:




We see that for r → ∞ we reover the UV geometry M1,3 times the one
over S
5/Z2, while for small r the dual AdS5×S5/Z2 geometry is found. The
AdS fator implies the dual gauge theory is onformal. It is well known that
in orbifold spaes a way to break onformal invariane is to add frational
branes. Suh branes are harged under the twisted elds that appear in the
orbifold spetrum. As we want to break onformal invariane, we try now
to swith on the proper twisted elds (the ones that ouple to frational
D3-branes in suh bakground). We start perturbing the same UV geometry
and we hope to be able to nd a new solution.















2 + ρ2dτ 2. (13)
It is thus easy to see that this spae fatorizes in the produt of a four-
dimensional ALE spae (C2/Z2, i.e. the one over S
3/Z2, parameterized by
R, β, θ and φ) and a two dimensional plane (R2, parameterized by ρ and
4
τ). In this way we reover the isomorphism between the one over S5/Z2
and the orbifold spae R
2 ×C2/Z2. This isomorphism makes all the piture
onsistent. The eld theory on the D3-branes is indeed engineered on the
latter orbifold [18℄.
We an now disregard the bulk D3-branes originating the metri (7) and
try to nd an analogous solution just for the frational branes. This has
been done expliitely in [19℄ for the orbifold R2×C2/Z22 and we an borrow
their results. They desribe a stak of N frational D3-branes in the IIB
orbifold bakground (R1,5×C2/Z2) [19, 21℄. On their world volume a N = 2
supersymmetri SU(N) Yang-Mills theory lives.
The solution an be written in terms of the metri, a R-R four form
potential (C4), a NS-NS twisted salar (b˜) and a R-R twisted one (c):
ds2 = H(r, ρ)−1/2ηαβdx




H(r, ρ)−1 − 1) dx0 ∧ . . . ∧ dx3, (14)




where α, β = 0, . . . , 3; i, j = 4, . . . , 9; r =
√
δijxixj ; K = 4πgsα
′; ǫ is a
regulator; ρ and τ are polar oordinates in the plane x4, x5. The self-duality
onstraint on the R-R ve-form eld strength has to be imposed by hand.
The preise funtional form of the funtion H(r, ρ) has also been deter-
mined [19℄ but it is not relevant for our purposes. It is enough for us to
note that the spaetime (14) has a naked singularity. We are thus not able
to follow our program ompletely and we are prevented to nd the dual ge-
ometry in the deep IR. This is a quite general feature of those gravitational
bakgrounds that are dual to non-onformal gauge theories. Lukily, in many
ases the singularities are not atually present but they are removed by var-
ious mehanisms. In theories N = 2 supersymmetri, like this one or the
similar wrapped branes example [22℄, the relevant mehanism is the en-
hançon [23℄. It removes a family of time-like singularities by forming a shell
of (massless) branes on whih the exterior geometry terminates. As a result,
the interior singularities are exised and the spaetime beomes aeptable,
even if the geometry inside the shell has still to be determined. For the ase
at hand, the appearane of suh shell, its eld-theoreti interpretation and
its onsisteny at the supergravity level have been disussed in [19, 21, 24℄.
2
see [20℄ for more general orbifolds
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It turns out that the enhançon shell is simply a ring in the (ρ, τ)-plane. Its
radius is
ρe = ǫ e
−pi/(2Ngs). (15)
The geometry (14) is thus valid outside the enhançon shell, i. e. for ρ ≥ ρe.
On the gauge theory side the enhançon lous orresponds to the lous where
the Yang-Mills oupling onstant diverges [19, 21℄.
2.1 Probe analysis
To understand better what is going on we an perform a probe analysis
3
in terms of the elds appearing in (14) [12℄. We should thus onsider the
following boundary ation





























c F ∧ F.
where T3 =
√
π, korb = (2π)
7/2gsα
′2
and we have also inluded the world-
volume vetor elds utuations. As usual, the oordinates xa = 2πα′Φa are
identied with the hiral salar elds of the Yang-Mills theory living on the
world-volume of the brane. Writing now the boundary ation (16) in terms
of the lassial solution (14), we get:

































































as the holographi om-













for a review of this method see, for example, [25℄
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This omputation shows that this system violates the no-fore ondition.
This ould seem quite surprising as the onguration is still N = 2 super-
symmetri and usually the no-fore ondition is respeted with suh amount
of supersymmetry (on the eld theory side suh ondition reets the atness
of the Coulomb branh). Nevertheless, at least from a purely eld theoretial
point of view, we know that suh atness an be violated by eletri-magneti
Fayet-Iliopoulos terms [27℄, that preserve N = 2 supersymmetry but generate
a non-trivial potential:
V =
|e + mτ |2 + ξ2
τ2
, (20)
where e, m and ξ are free parameters. Lukily, it turns out the potential
(18) is just a spei ase of (20), namely with
e = −mθY
2π




We see in this way that the violation of the no-fore ondition does not
ontradit supersymmetry, but it orresponds to the generation of a purely
magneti FI term. We all it purely magneti beause a dyon with quantum
numbers (e,m) has an eetive eletri harge equal to e+ mθ
2pi
[28℄ and with
the values in (21) it vanishes identially. Suh values ensure also that the
probe-brane is in a proper vauum in the τˆ diretion, but for generi values
of ρ it is not and it moves toward ρ = ρe. This situation holographially
orresponds to vaua preserving all the supersymmetries but signaling a sin-
gularity. This ontinues to be in perfet agreement with the gravity piture
we just got: the probe-brane is pushed to the enhançon and there stays.
From the gauge theory it is moreover possible to argue [27℄ at that point of
the moduli spae extra massless states appear (i.e. monopoles) and to give a
physial interpretation of the singularity. On the gravity side it orresponds
to the well known fat that at the enhançon extra massless objets appear
[23℄ and it enfores the interpretation of the enhançon lous as the eld the-
oreti urve of marginal stability [12℄ (we mean the urve in moduli spae
where extra massless objets, typially dyons, appear [29℄).
2.2 Away from the orbifold limit
We are now going to soften the orbifold singularity and onsider the resulting
(smooth) Eguhi-Hanson spae [30℄. We generalize the probe analysis that
7
we have done in the orbifold and nd partial supersymmetry breaking. We
are then led to onsider N = 1 supersymmetri Yang-Mills theory and the
resolved onifold geometry [31℄
4
.
The dual eld theory analysis of the previous setion has been entirely
performed in an orbifold bakground and we have found purely magneti FI
terms. It is well known [18℄ that a way to introdue standard (i.e. eletri)
FI terms is via the blow up of the orbifold singularity. In suh ase the
resulting spae is no longer an orbifold but it is a (smooth) Eguhi-Hanson
(EH) spae [30℄. This is an ALE spae. It is haraterized by three moduli
that orrespond to three dierent ways of blowing-up the relevant two yle
when going away from the orbifold limit (via the triplet of massless NS-NS
twisted salars). Analogously to the eld theory desription of N = 2 FI
terms, it is possible to use the global SU(2)R symmetry and to redue to the
ase of just one modulus. The one-parameter family of metris we get in this

















where a ≤ r ≤ ∞, a2 is proportional to the size of the blown-up yle, the
σi are dened in terms of the S
3
Euler angles (θ, φ, β) as in (9).
The solution orresponding to frational branes in the Eguhi-Hanson
bakground has been found in [33℄ and it is very similar to the orbifold one.
It an be written in terms of a metri
ds2 = H(r, ρ)−1/2ηαβdx
αdxβ + H(r, ρ)1/2
(




a self dual R-R ve-form
F5 = d
(
H(r, ρ)−1 dx0 ∧ . . . ∧ dx3) + ⋆d (H(r, ρ)−1 dx0 ∧ . . . ∧ dx3) , (24)
and a omplex three form (a linear ombination of the NS-NS one and the
R-R one) valued only in the transverse spae:
H ≡ FNS3 + iFR3 = dγ(ρ, τ) ∧ ω, (25)
where γ(ρ, τ) is an analyti funtion on the transverse R2, ω is the har-
moni anti-self-dual form on the Eguhi-Hanson spae and r is now the radial
Eguhi-Hanson oordinate.
4
see also [32℄ for a way to embed the non-supersymmetri solution of [31℄ in a super-
symmetri set-up
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Even if the mirosopi interpretation of this solution is quite obsure [33℄,
we assume that it orresponds to the standard geometrial interpretation of
frational D3-branes as D5-branes wrapped on the non-trivial yle that
shrinks to zero size in the orbifold limit [34℄. The form of the solution is
indeed onsistent with the interpretation of twisted elds as elds oming
from wrapping of higher degree forms [34℄, as it was already onrmed in [35℄
by expliit omputations of string sattering amplitudes. The main dierene
with respet to the orbifold solution is the expliit funtional form of the
warp fator H(r, ρ), whose physial impliation is that there is still a naked
singularity sreened by an enhançon mehanism, but ontrary to the orbifold
ase, in the internal diretions (those along the ALE spae) the singularity
is ured by the blowing-up of the yle and there is no enhançon there [33℄.
Unlukily, the Eguhi-Hanson bakground laks of a onformal eld the-
ory desription. This makes it diult to determine the orret form of the
boundary ations one would need to get gauge theory information. It looks
nevertheless quite reasonable to assume the proper boundary ation is the
same as the orbifold one with the inlusion of the new FI term orresponding
to having blown up the yle. This an be motivated by the knowledge of
the expliit solution in the Eguhi-Hanson ase, that makes it lear the lose
similarity to its orbifold limit. Besides, this is very analogous in spirit to the
suessful assumption made in [36℄. The potential the brane lls will be thus
the same we omputed in the orbifold (we refer to the magneti ase (18))
but now with an extra term orresponding to have ξ 6= 0 and proportional
to the size of the blown-up yle (a2):




We see again that the no-fore ondition is violated but now there is an






where the enhançon radius ρe has been dened in (15). As ρ∗ > ρe, ρ = ρ∗
denes a regular spae-time lous. From the eld theory analysis [27℄ we know
this kind of vauum preserves just half of the supersymmetry. This implies
that [12℄ the gauge theory living on the probe is N = 1 supersymmetri with






From the supergravity point of view we have again a solution with bulk
N = 2 supersymmetry (as shown in [33℄) but the embedding of the brane
probe seems to break half of it. It would be interesting to see this purely in a
stringy ontext by making a proper K-supersymmetry study of this geometry.
However, our eld theory analysis already shows that the geometry seen by
the probe-brane is loally N = 1 supersymmetri.
A areful analysis atually shows [12℄ the geometry the probe-brane sees
is loally the same as the near horizon of the resolved onifold one. It is not
surprising we nd the resolved onifold geometry appearing here: it is indeed
known the resolved onifold geometry is the proper one to engineer N = 1
pure supersymmetri Yang-Mills theory in the type IIB set-up [9℄. In this
talk we are just following this engineering entirely in terms of supergravity
solutions and we learly see its relation with the parent N = 2 orbifold
theory. A non-trivial information we immediately gain (with the help of the
eld theory analysis and partiularly thanks to the formula (28)) is that the
size of the blown-up two-yle is diretly related to the inverse mass of the
hiral multiplet.
The assumption about the mirosopi interpretation of the probe as
wrapped D5-branes annot be proven here, but, as we will see, it makes all
the piture onsistent. Under this assumption, we have learned that, if a D5-
brane is wrapped on the non-trivial two-yle of a resolved onifold, lose to
the apex of suh one the gauge theory living on its world-volume is N = 1
supersymmetri. The embedding of N branes in suh bakground will then
give rise to N = 1 supersymmetri U(N) Yang-Mills theory. The fat we
reah suh onlusion via a probe analysis means that we are studying open
strings (and then branes) in the given bakground. This mathes perfetly
with the piture of geometri transition we disussed in the introdution:
being talking of open strings and branes, we are before the transition and
aordingly the bakground is the resolved onifold!
To get pure N = 1 super-Yang-Mills, we take the zero size limit of the
blown-up yle. In this way the hiral adjoint eld aquires innite mass
(see eq. (28)) and it is deoupled. The relevant geometry is now the onifold
one. This geometry is still singular [37℄ and aording to equation (27) the
brane will tend to go to the enhançon lous. Consistently, it has been shown
that at least from a supergravity point of view the enhançon is a onsistent
mehanism also in the onifold ase [24℄. From [9, 6℄, we know how the
story goes on, but we briey review it here following the perspetive we
have just developed. In priniple there are two ways now to de-singularize
10
the geometry (or we ould also say to determine the geometry inside the




an be blown-up. As we don't want to
go bak to the original ase, the only remaining possibility is to look for
a onsistent deformed onifold solution. From [6℄ we know this is indeed
the right thing to do: the deformed onifold is a non-singular solution and
its geometry is the proper one to desribe the infrared N = 1 Yang-Mills
dynamis.
3 Eetive superpotentials from supergravity
In this setion we briey review the derivation of gauge theory superpotentials
from proper gravitational duals.
The best way to do it is to follow the piture of geometri transition [9, 10℄
we desribed in the introdution. In this set-up, from the knowledge of the
geometry after the transition and the map between the original mirosopi
eld theoretial degrees of freedom and the new geometrial data, it is indeed
possible to determine the eetive gauge theory superpotential. We now
briey see how it does work for theN = 1 onifold geometry. Quite generally,















where G3 = F3 + τH3, τ = C0 + ie
−Φ
and Ω is the holomorphi (3, 0) form
of the Calabi-Yau (our onifold). A and B are proper 3-yles (A is the
ompat one, while B is non ompat).
To translate this superpotential in a eld theory one, we need a map
relating geometri quantities to gauge parameters. Aording to the pro-
posal in [10℄, based on the topologial string in the way we skethed in the
introdution, this map is:∫
A
















TrW 2 = − 1
32π2
λαλα + . . . (31)
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Following this proposal, it is now possible to determine the eetive gauge














where onstant terms and subleading powers of Λ0 (the ultra-violet ut-o at
whih gYM is evaluated) have been negleted. From the knowledge of the one
loop β-funtion it is easy to see this is preisely the Veneziano-Yankielowiz
superpotential [13℄.
3.1 An extension of the Veneziano-Yankielowiz super-
potential
As it has been pointed out in [4℄, it is also possible to nd relations similar
to (30) from supergravity alone and some basi geometri onsiderations. In













H3 = 0, (33)
where for simpliity we are onsidering the θYM = 0 setor of the eld theory.
Of ourse the two formulas (30) and (33) are ompletely equivalent in the
ase onsidered here, being 〈τ〉 = i. The next step we want to do is to
determine the form of the gauge-theory superpotential when going o-shell
for the τ -eld, namely if we try to inlude its osillations (τ = 〈τ〉 + i δ).
To this aim, formulas (33) are needed and we easily get:











where we have already used the one-loop β-funtion to relate Λ0, gYM and
Λ.
Now we would like to interpret the new modulus δ from the gauge theory
point of view. This turns out to be very easy as the shift of the dilaton eld
is known to be related to the glueball eld 0++ [39, 40℄. This fat has been
used in [41℄ to ompute the 0++ mass. The RR salar is instead related to
the glueball 0+−. Thus all in all, the omplex eld δ is related to the omplex
12
glueball eld. Even if we don't know the preise formula of suh a relation,
we an generially write:
8π2
g2YM
δ = f(χ) (35)
where χ is now the glueball supereld and f(χ) is an undetermined funtion
of it. We get nally for the gauge theory superpotential the expression:








It is quite amazing that this superpotential is the same as the extended
Veneziano-Yankielowiz superpotential determined in [16℄. Also there the
new χ degrees of freedom were interpreted as glueball supereld. A ruial
dierene between the two approahes (the one presented here and the one in
[16℄) is that the supergravity solution we onsider here already sits at a preise
vauum of the gaugino ondensate omposite supereld and onsequently
the superpotential one an extrat has also just one minimum and does not
reprodue the omplete vauum struture of the model. This is why in this
ase we get f(〈χ〉) = 0 instead of the more general result f(〈χ〉) = 2πik as
in [16℄. The inlusion of this degree of freedom ould help also in nding a
proper dual desription of domain walls, as it has been suggested in [42℄ for
the eld theory.
However, we have just seen that the gauge/gravity orrespondene sug-
gests an extension of the Veneziano-Yankielowiz superpotential so to inlude
also glueball degrees of freedom. The general form of suh extended superpo-
tential is (36), with f(χ) an holomorphi funtion of χ. The determination
of the funtion f(χ) would now shed light on the super Yang-Mills infrared
properties. In [16℄ it has been shown that various arguments point to the
same funtion:







This funtion passes a number of onsisteny heks [16℄: i) the Veneziano-
Yankielowiz superpotential is reovered when the glueball supereld is in-
tegrated out. Besides this proedure naturally leads to the N independent
vaua of the theory. ii) Non supersymmetri gluodynamis is better ap-
proahed when giving a mass to the gluino. The theory leads to a potential
whih resembles the ordinary glueball eetive potential for the Yang-Mills
13
theory. iii) A reasonable integrating in method leads to the same funtion.
Besides, in [43℄ suh extended superpotential has been used to ompute the
mass spetrum of the lightest states of N = 1 super Yang-Mills. It has been
onluded that the lightest state is the gluinoball eld and it has a small
mixing with the glueball state.
4 Conlusions
In this talk we have desribed how partial supersymmetry breaking an be
obtained in the ontext of the gauge/string orrespondene. This has been
reahed studying the low energy dynamis of open strings in given bak-
grounds. The tool we used to perform suh study is the probe-analysis. We
have seen in this way that a potential, due to the internal ux, is gener-
ated in the N = 2 orbifold. This potential drives the probe-brane to the
enhançon lous. Instead, when the orbifold singularity is softened to the
smooth Eguhi-Hanson spae, the resulting potential drives the probe-brane
to regular spae-time points, (i.e. outside the enhançon shell). We have found
that at those points (orresponding to minima of the potential) partial su-
persymmetry breaking does our. We have further analyzed the geometry
seen by the probe-brane lose to those minima and we have found it is the
resolved onifold one, in the viinity of the blown-up two-yle. We have
nally showed that shrinking the two-yle to zero size orresponds, on the
eld theory side, to deouple the adjoint hiral salar and thus to get pure
N = 1 super-Yang-Mills.
We have then used the gravitational bakground dual to suh theory
to determine the low energy eetive superpotential. Besides the standard
Veneziano-Yankielowiz result we have seen that glueball an indeed be in-
luded in this piture. We have then disussed the physial impliations of
the inlusion of this new degree of freedom at low energy. We have found it
is heavier than the gluinoball.
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